ABSTRACT. We study the birational maps of P 3 C . More precisely we describe the irreducible components of the set of birational maps of bidegree (3, 3) (resp. (3, 4) , resp. (3, 5)).
INTRODUCTION
The CREMONA group, denoted Bir(P n C ), is the group of birational maps of P n C into itself. If n = 2 a lot of properties have been established (see [2, 6] for example). As far as we know the situation is much more different for n ≥ 3 (see [11, 3] for example). If ψ is an element of Bir(P 2 C ) then deg ψ = deg ψ −1 . It is not the case in higher dimensions where we only have the inequality deg ψ −1 ≤ (deg ψ) 2 so one introduces the bidegree of ψ ∈ Bir(P 3 C ) as the pair (deg ψ, deg ψ −1 ). For n = 2, Bir d (P 2 C ) is the set of birational maps of the complex projective plane of degree d; for n ≥ 3 denote by Bir d,d ′ (P n C ) the set of elements of Bir(P n C ) of bidegree (d, d ′ ), and by
. In [4] the sets Bir 2 (P 2 C ), and Bir 3 (P 2 C ) are described: Bir 2 (P 2 C ) is smooth, and irreducible in the space of rational maps of the complex projective plane whereas Bir 3 (P 2 C ) is irreducible, and rationnally connected. In [5] CREMONA studies three types of generic elements of Bir 2 (P 3 C ). Then there were some articles on the subject, and finally a precise description of Bir 2 (P 3 C ); the left-right conjugacy is the following one PGL(4; C) × Bir(P 3 C ) × PGL(4; C), (A, ψ, B) → AψB −1 .
PAN, RONGA and VUST give quadratic birational maps of P 3 C up to left-right conjugacy ([12, Theorems 3.1.1, 3.2.1, 3.2.2, 3.3.1]). In particular they show that Bir 2 (P 3 C ) has three irreducible components of dimension 11, 13, 14 ; the component of dimension 11 (resp. 13, resp. 14) corresponds to birational maps of bidegree (2, 4) (resp. (2, 3), resp. (2, 2)). We will see that the situation is slightly different for Bir 3 (P 3 C ); in particular we cannot expect such an explicit list of biclasses because there are infinitely many of them. That's why the approach is different.
In higher degrees we do not have such a precise description; nevertheless we can find a very fine and classical contribution for Bir 3 (P 3 C ) due to HUDSON ( [8] ); in §A we reproduce Table VI of [8] . HUDSON introduces there some invariants to establish her classification. But it gives rise to many cases, and we also find examples where invariants take values that do not appear in her table. We do not know references explaining how her families fall into irreducible components of Bir 3,d (P 3 C ) so we will focus on this natural question.
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Definition. An element ψ of Bir 3,d (P 3 C ) is ruled if the strict transform of a generic plane under ψ −1 is a ruled cubic surface.
Denote by ruled 3,d the set of (3, d) ruled maps. Let us remark that there are no ruled birational maps of bidegree (3, d) with d ≥ 6. We will detail these families in Lemma 2.1.
We describe the irreducible components of Bir 3,d (P 3 C ) for 3 ≤ d ≤ 5:
Theorem A. Assume that 2 ≤ d ≤ 5. The set ruled 3,d is an irreducible component of Bir 3,d (P 3 C ). In bidegree (3, 3) (resp. (3, 4) ) there is only an other irreducible component; in bidegree (3, 5) there are three others.
The closure of the (3, 3) ruled birational maps intersects the closure of any irreducible component of Bir 3,4 (P 3 C ).
Notations 1.1. Consider a rational map ψ from P 3 C into itself. For a generic line ℓ, the preimage of ℓ by ψ is a complete intersection Γ ℓ ; let C 2 be the union of the irreducible components of Γ ℓ supported in the base locus of ψ.
It is difficult to find a uniform approach to classify elements of Bir 3 (P 3 C ). Nevertheless in small genus we succeed to obtain some common detailed results; before stating them, let us introduce some notations.
Let us remark that the inequality deg ψ −1 ≤ (deg ψ) 2 mentioned previously directly follows from
Assume that ψ is not ruled, and p a (C 1 ) = 0, i.e. C 1 is smooth. Then
• and C 2 is a curve of degree 9 − d, and arithmetic genus 9 − 2d.
Suppose p a (C 1 ) = 1, and 2 ≤ d ≤ 6. Then
• there exists a singular point p of C 1 independent of the choice of C 1 ; If p 2 ∈ {−1, 1}, then Bir 3,5,p 2 (P 3 C ) are non empty, and irreducible but Bir 3,5,0 (P 3 C ) is non empty, and has two irreducible components; one of these components is contained in Bir 3,5,−1 (P 3 C ). The set Bir 3,5,p 2 (P 3 C ) is empty as soon as p 2 ∈ {−1, 0, 1}.
Organization of the article. In §2 we explain the particular case of ruled birational maps and set some notations. Then §3 is devoted to liaison theory that plays a big role in the description of the irreducible components of Bir 3,3 (see §4), Bir 3,4 (see §5) and Bir 3,5 (see §6). In the last section we give some illustrations of invariants considered by HUDSON, especially concerning the local study of the preimage of a line. Since HUDSON's book is very old, let us recall her classification in the first part of the appendix.
DEFINITIONS AND NOTATIONS
Let ψ : P 3 C P 3 C be a rational map given, for some choice of coordinates, by
where the ψ i 's are homogeneous polynomials of the same degree d, and without common factors. The map ψ is called a CREMONA transformation or a birational map of P 3 C if it has a rational inverse ψ −1 . The degree of ψ, denoted deg ψ, is d. The pair (deg ψ, deg ψ −1 ) is the bidegree of ψ, we say that ψ is a (deg ψ, deg ψ −1 ) birational map. The indeterminacy set of ψ is the set of the common zeros of the ψ i . Denote by I ψ the ideal generated by the ψ i , and by
the subspace of dimension 4 generated by the ψ i , and by deg I ψ the degree of the scheme defined by the ideal I ψ .
Sometimes (in [8] for example) the base locus Base ψ of Λ ψ is called F-locus of ψ; its points (resp. curves) are called the fundamental points (resp. fundamental curves) or F-points (resp.
F-curves).
We will denote by ω C i the dualizing sheaf of C i .
Let us now focus on particular birational maps that cannot be dealt as the others: the ruled birational maps of P 3 C . Lemma 2.1. Let ψ be a (3, d) Proof. Let ψ be in ruled 3,d , and δ be the double line of all the elements of Λ ψ . Of course δ ⊂ F 1 .
Let L be a generic subspace of dimension 2 of Λ ψ ; denote by C 1,L the associated C 1 . For any point p that lies on C 1,L but not on F 1 the subset L induces in the plane Π = (δ, p) the pencil of cubics 2δ ∪ ℓ with p ∈ ℓ ⊂ Π. Hence F 1 ∩ Π ⊂ δ and all the components of C 2 are in planes. So F 1 is (as a set) the union of δ and some other lines that intersect δ, that is F 1 = δ 2 ∪ ℓ 1 ∪ . . . ∪ ℓ k where the ℓ i are some common rules. In particular k = 5 − deg C 1 .
Let us blow up δ ⊂ P 3 C :
Denote by h i the pull back of the hyperplane class of P i C . The linear system Λ ψ induces a linear system of |O 
So ψ is birational if and only if the length of the residual scheme is A similar argument allows to prove the first inclusion.
Let us recall the notion of genus of a birational map ([8, Chapter IX]). The genus g ψ of ψ ∈ Bir(P 3 C ) is the geometric genus of the curve h ∩ ψ −1 (h ′ ) where h and h ′ are generic hyperplanes of P 3 C . The equality g ψ = g ψ −1 holds.
Remark 2.3.
If ψ is a birational map of P 3 C of degree 1 (resp. 2, resp. 3) then g ψ = 0 (resp. g ψ = 0, resp. g ψ ≤ 1).
One can give a characterization of ruled maps of Bir 3,d (P 3 C ) in terms of the genus. Proof. On the one hand the singular locus of the base locus of the base scheme of an element of Bir 3,d (P 3 C ) has at most isolated singularity if and only if the map is not ruled; on the other hand g ψ = 0 if and only if for generic hyperplanes h, h ′ of P 3 C the curve h ∩ ψ −1 (h ′ ) is a singular rational cubic.
LIAISON ([13])
Let us start by this fundamental statement:
Let ψ be a rational map of P 3 C of degree 3. We have
where h an hyperplane of P 3 C , and for i ∈ {1, 2}
this directly implies the following equalities (i ∈ {1, 2})
.
Furthermore when C 1 and C 2 have no common component, and ω C i is locally free, then length (
In the preimage of a generic point of P 3 C by ψ, the number of points that do not lie in the base locus is given by
where S ∈ Λ ψ is non-zero modulo H 0 I C 1 ∪C 2 (3h), and where "isolated F-points" means irreducible components of dimension 0 of the base locus.
Lemma 3.2. Let ψ be a rational map of P 3
C of degree 3. The map ψ is birational if and only if
Remark that the computation of length(S ∩ C 1 ) {p} depends on the nature of the singularity of the cubic surface and on the behaviour of C 2 in that point (see §7).
Proof. Let us suppose for example that d = 4; then C 1 is contained in an irreducible cubic surface S. If C 1 is contained in a plane P then all the lines in P are quadrisecant to S: contradiction with the irreducibility of S.
• there exists a singular point p of C 1 independent of the choice of C 1 ;
• if d ≤ 4, all the cubic surfaces of the linear system Λ ψ are singular at p;
• the curve C 2 is of degree 9 − d, of arithmetic genus 10 − 2d, and lies on a unique quadric; more precisely
Remark 3.5. As soon as d = 5 the second assertion is not true. Indeed for d = 5 we obtain two families: one for which all the elements of Λ ψ are singular, and another one for which it is not the case ( §6).
Proof. As g(C 1 ) = 0 and p a (C 1 ) = 1, the singular locus Sing C 1 of C 1 is not empty. Let us show that there is a singular point independent of the choice of C 1 . Let S be a generic element of Λ ψ . The elements of Λ ψ give a linear system in |O S (C 1 )| whose base locus denoted Ω is finite. According to BERTINI's theorem applied on S one has the inclusion Sing C 1 ⊂ Ω ∪ Sing S. The first assertion thus follows from the fact that Ω ∪ SingS is finite.
Since p a (C 1 ) = 1, the curve C 2 lies on a unique quadric. The arithmetic genus of C 2 is obtained
The number of cubics containing C 2 independent modulo the multiple of Q 2 is d − 2: the liaison sequence (Lemma 3.1) becomes
This implies that h
If we put away the four multiples of Q one obtains
Assume that Λ ψ contains a smooth element S. The cubic surface S can be seen as P 2
C blown up at 6 points p 1 , . . ., p 6 ; denote by E i the exceptional divisor associated to p i . On S one has
where
and that vector space does not contain any subspace of dimension 3 whose generic element is a singular curve.
Proof. Let us use the notations introduced in Lemma 2.1. Note that
is not ruled then at a generic point p ∈ F 1 there exists an element of Λ ψ smooth at p. Hence F 1 is locally complete intersection at p and deg
Consider now an element ψ in ruled 3,d . There is a line ℓ such that ℓ ⊂ Sing S for any S ∈ Λ ψ ; the set F 1 has an irreducible component whose ideal is I 2 ℓ and F 1 is not locally complete intersection.
This multiple structure has to be contained in C 2 but since C 2 is locally complete intersection the inequality deg C 2 > deg F 1 holds; it can be rewritten deg I ψ < 9 − d.
The number deg I ψ cannot decrease by specialization so we cannot specialize a non-ruled birational map into a ruled one while staying in the same bidegree 1 . Elements of Λ ψ when ψ is a ruled birational map have no isolated singularities whereas elements of Λ ψ when ψ is a non-ruled birational map have isolated singularities, it is impossible to specialize a ruled birational map into a non-ruled one. 1. As we will see in Proposition 5.3 this statement is not true if we do not specify "while staying in the same degree". 4.1.1. In the literature one can find different points of view concerning the classification of (3, 3) birational maps. For example HUDSON introduced many invariants related to singularities of families of surfaces and gave four families described in §A; nevertheless we do not understand why the family E 3.5 defined below does not appear. PAN chose an other point of view and regrouped We deal with the natural description of the irreducible components of Bir 3,3 which does not coincide with PAN's point of view since one of his family is contained in the closure of another one.
4.2.
Irreducible components of the set of (3, 3) birational maps.
4.2.1. About HUDSON terminology. Let us give a few comments about Table VI of [8] . For any subscheme X of P 3 C denote by I X the ideal of X in P 3 C . Let ψ be a (3, d) birational map. A point p is a double point if all the cubic surfaces of Λ ψ are singular at p. A point p is a binode if all the cubic surfaces of Λ ψ are singular at p with order 2 approximation at p a quadratic form of rank ≤ 2 (but this quadratic form is allowed to vary in Λ ψ ). In other words p is binode if there is a degree 1 element h of I p such that all the cubics belong to (h · I p ). A point p is a double point of contact if the general element of Λ ψ is singular at p with order 2 approximation at p a quadratic form generically constant on Λ ψ . In other words p is a double point of contact if all the cubics belong to I 3 p + (Q) (3, 3) birational maps. One already describes an irreducible component of Bir 3,3 (P 3 C ), the one that contains (3, 3) ruled birational maps (Proposition 3.6). Hence let us consider the case where the linear system Λ ψ associated to ψ ∈ Bir 3,3 (P 3 C ) contains a cubic surface without double line.
General description of
-If C 1 is smooth then it is a twisted cubic, we are in the second case of Table VI (see §A). In that case ψ is determinantal; more precisely a (3, 3) birational map is determinantal if and only if its base locus scheme is an arithmetically COHEN-MACAULAY curve of degree 6 and (arithmetic) genus 3 (see [1, Proposition 1]).
-Otherwise ω C 1 = O C 1 then C 2 lies on a quadric described by the quadratic form Q. As h 0 ω C 2 (h) = 5 the curve C 2 is a (2, 3) complete intersection, the ideal of C 2 is (Q, S), and there exists a point p such that I ψ = pQ + (S ), p ∈ Q, and p is a singular point of S (Theorem 3.4).
In terms of HUDSON invariants this family is stratified as follows:
• Description of E 3 . The point p belongs to Q and the general element of Λ ψ has an ordinary quadratic singularity at p (configuration (2, 0, 2, 0) of Table 1 (see  §7) ). One
and S singular at p. • Description of E 3.5 . The point p lies on Q (p is a smooth point or not) and the generic cubic is singular at p with a quadratic form of rank 2. On other words p is a binode and this happens when one of the two biplanes is contained in T p Q, it corresponds to the configuration (2, 0, 3, 1) of Table 1 (see  §7) . One can take
The generic cubic is singular at p with a quadratic form of rank 2; this case does not appear in Table VI (see  §A) . Let us denote by E 3.5 the set of the associated (3, 3) birational maps. The curve C 2 has degree 6 and a triple point (in Q).
• Description of E 4 . One can choose p = (z 0 , z 1 , z 2 ), Q singular and
, and S singular at p. The point p is a double point of contact, it corresponds to configuration (2, 0, 4, 1) of Table 1 (see  §7) .
Proposition 4.4. One has
Proof. Let us justify the equality dim E 3 = 38. We have to choose a quadric Q and a point p on Q, this gives 9 + 2 = 11. Then we take a cubic surface singular at p that yields to 20 − 4 = 16; since we look at this surface modulo pQ and projectivization one gets 16 − 3 − 1 = 12 so dim E 3 = 11 + 12 + 15 = 38.
Let us deal with dim E 4 . We take a singular quadric Q this gives 8. Then we take a cubic singular at p, modulo pQ and projectivization this yields to 20 − 4 − 1 − 3 = 12, and finally one obtains 12 + 8 + 15 = 35. 
Irreducible components.
is a generic cubic of the ideal
allows to go from E 2 to a general element of E 3 .
Furthermore E 3 and ruled 3,3 are different components (Proposition 3.6). 
. More precisely, in general, the image
C so we need a base point to get a birational map.
Indeed, in general, C 1 is a nodal cubic at p and so does C 2 , it is the configuration (2, 0, 2, 0) of Table 1 (see  §7) . By restriction of liaison exact sequence (Lemma 3.1) note that length (
; but length (C 1 ∩ C 2 ) {p} = 2 so there is 6 base points. Hence
In other words I ψ = (Q 2 p, S 1 , S 2 ) ∩ (p 1 ) where p 1 denotes an ordinary point in general position. Let us give some explicit examples, the generic one and the degeneracies considered by HUDSON:
• Description of E 7 . The quadric Q 2 is smooth at p, and rk Q 2 is maximal. Hence the point p = (z 0 , z 1 , z 2 ) is an ordinary quadratic singularity of the generic element of Λ ψ , we are in the configuration (2, 0, 2, 0) of Table 1 (see  §7) . One can choose
There are two ways to obtain a binode:
(1) Q 2 is smooth at p and one of the two biplanes is contained in T p Q 2 (family E 7.5 ); (2) Q 2 is an irreducible cone with vertex p (family E 8 ).
• Description of E 7.5 . In that case, p = (z 0 , z 1 , z 2 ) is a binode, we are in the configuration (2, 0, 3, 1) of Table 1 (see  §7) , and one can take without loss of generality:
The curve C 2 is reducible: it contains (z 0 , z 2 ). The set of such maps is denoted E 7.5 , this case does not appear in Table VI but should appear.
• Description of E 8 . We can take ℓ = (z 0 , z 1 ),
This corresponds to the configuration (2, 0, 3, 0) of Table 1 (see  §7) .
• Description of E 9 . The rank of Q 2 is 2, the point p = (z 0 , z 1 , z 2 ) is a double point of contact, we are in the configuration (2, 0, 4, 1) of Table 1 (see  §7) , and one can take
Let us see that C 2 is the union of a cubic and two lines:
• Description of E 10 . One can take
Let us see that C 2 is the union of a triple line and a conic:
The general element of Λ ψ has a binode and a double point of contact (configuration (1, 0, 4, 2) and (2, 0, 4, 1) of Proof. The arguments to establish dim E 6 = 38 are similar to those of the proof of Proposition 4.4. Let us justify that a generic element of E 7.5 is not a specialization of a generic element of E 8 (we take the notations of §5.1): as we see when ψ ∈ E 8 the quadric Q 2 is always singular and it is not the case when ψ ∈ E 7.5 . Conversely if ψ belongs to E 7.5 then C 2 is reducible but if ψ belongs to E 8 the curve C 2 can be irreducible and reduced; hence a generic element of E 8 is not a specialization of a generic element of E 7.5 .
Theorem 5.2. The set ruled 3,4 is an irreducible component of Bir 3,4 (P 3 C ) and there is only one another irreducible component in Bir 3,4 (P 3 C ).
Proof. According to Proposition 3.6 the set ruled 3,4 is an irreducible component of Bir 3,4 (P 3 C ).
Any element ψ of E 7 ∪ E 7.5 ∪ E 8 ∪ E 9 ∪ E 10 satisfies the following property:
where p ∈ Q 2 , p 1 a general point,
. So E 7 , E 7.5 , E 8 E 9 and E 10 belong to the same irreducible component.
It remains to show that this component is E 6 : let us consider
with L i linear forms and
For generic L i 's and t = 0 the 2 × 2 minors of M t generate the ideal of a generic elliptic quintic curve as in E 6 . For M 0 the 2 × 2 minors become Q 2 z 0 , Q 2 z 1 , Q 2 z 2 , S 1 , S 2 , and S 3 with
Therefore the ideal M 2 generated by these minors is
Denote by ℓ the line defined by I ℓ = (z 1 , z 3 ). According to
M 2 is the ideal of the residual of L in the complete intersection of ideals (Q 2 , S 2 ). It only remains to prove that one can obtain the generic element of E 7 with a good choice of the L i 's; in other words it remains to prove that S 2 is generic among the cubics singular at p that contain ℓ. Modulo Q 2 one can assume that Proof. According to Lemma 2.2 it sufficient to prove that ruled 3,3 intersects the closure of (3, 4) birational maps that are non ruled. Let us consider an element ψ of Bir 3,4 (P 3 C ) whose C 2 is the union of the following lines
. For a general p 2 the map ψ ε defined by I ε ∩ p 2 is birational; for ε non zero ψ ε ∈ Bir 3,4 ruled 3,4 , and ψ 0 belongs to ruled 3, 3 .
As in the case of (3, 3) birational maps one has the following statement:
is non empty and irreducible.
6. (3, 5)-CREMONA TRANSFORMATIONS 6.1. General description of (3, 5) birational maps. We already know an irreducible component of the set of (3, 5) birational maps: ruled 3,5 (Proposition 3.6). Let us now consider a (3, 5)-CREMONA transformation ψ such that Λ ψ contains a cubic surface without double line.
-First case. Assume that C 1 is smooth, then C 2 has genus −1 and does not lie on a quadric; C 2 is the disjoint union of a twisted cubic and a line, that is ψ belongs to E 12 . Indeed suppose that ψ ∈ E 12 , then C 2 is the union of two smooth conics Γ 1 and Γ 2 that do not intersect. Any Γ i is contained in a plane P i . Denote by ℓ the intersection P 1 ∩ P 2 . As # ℓ ∩ (Γ 1 ∪ Γ 2 ) = 4, all the cubic surfaces that contain Γ 1 ∪ Γ 2 contain ℓ. So ℓ ⊂ C 2 : contradiction. -Second case. Suppose now that C 1 is not smooth so p a (C 1 ) ≥ 1, and
One has the following alternative:
• either p a (C 1 ) = 1, then C 1 is singular at p. The curve C 2 lies on one quadric Q 2 and p a (C 2 ) = 0. Since h 0 ω C 2 = h 0 I C 1 (2h), the curve C 1 does not lie on a quadric. According to Theorem 3.4 one has
a) Assume first that all the elements of Λ ψ are singular at p. Then we can show that ψ has two base-points: on the one hand length (C 1 ∩ C 2 ) = deg ω ∨ C 1 (2h) = 10; in general C 1 and C 2 are nodal at p and C 1 ∩ C 2 has 8 other points of simple intersection. On the other hand length (C 1 ∩ S) {p} = 4, and one conclude with Lemma 3.2. Note that as p a (C 2 ) = 0 and C 2 is singular, C 2 is reducible; hence C 2 is either the union of a line and a degree 3 curve of arithmetic genus 0, or the union of two conics. So if ψ is not in E 14 then C 2 is the union of two smooth conics Γ 1 and Γ 2 that intersect at a point p. Any Γ i lies in a plane P i ; let us set ℓ = P 1 ∩ P 2 . Any element of Λ ψ , singular at p and containing Γ 1 ∪ Γ 2 , contains ℓ because ℓ contains two distinct points of Γ 1 ∪ Γ 2 different from p; therefore ℓ ⊂ C 2 : contradiction. Hence ψ belongs to E 14 .
b) Suppose now that Λ ψ contains a smooth element at p. Then p is a point of contact, all the cubic surfaces are tangent. Since C 2 ⊂ Q 2 is linked to a curve of degree 2 and genus −2, in general Q 2 is smooth, and C 2 is a smooth rational curve on Q 2 . Set
Let S 0 be the element of J given by az 0 z 2 + bz 0 z 3 + cz 1 z 3 where a, b, c belongs to
The dimension of H 0 I C 2 (3h) is 7; indeed one has the following seven cubics:
With a similar argument as in a) we get that ψ has no base point. The map ψ belongs to E 23 .
• or p a (C 1 ) = 2. By computing linear conditions one can check that we can not have two points of contact; using §7 we get that p is either a D.p's, or a binode, or a double point of contact. In the generic case p is a D.p's. Set p = (z 0 , z 1 , z 2 ). In general p belongs to C 2 (configuration (3, 0, 1, 0) of Table 1 , see §7) hence C 2 lies on two quadrics given by The set Bir 3,5 (P 3 C ) has four irreducible components: E 12 , E 13 , E 23 and E 27 = ruled 3,5 . Proof. Let us first prove that E 14 ⊂ E 12 . If ψ belongs to E 12 , or to E 14 the curve C 2 is the union of a line ℓ and a twisted cubic Γ such that length (ℓ ∩ Γ) ≤ 1. Let I ℓ (resp. I Γ ) be the ideal of ℓ (resp. Γ). In both cases the ideal of C 2 is I ℓ · I Γ . We can thus specialize an element of E 12 to get an element of E 14 .
Note that E 12 ⊂ E 13 (resp. E 12 ⊂ E 23 ): if ψ is in E 12 then the associated C 2 does not lie on a quadric whereas if ψ belongs to E 13 (resp. E 23 ) then the associated C 2 lies on two quadrics (resp. one quadric). Conversely E 13 ⊂ E 12 (resp. E 23 ⊂ E 12 ): if ψ is an element of E 13 (resp. E 23 ), then the associated C 2 is smooth and irreducible whereas the associated C 2 of a general element of E 12 is the disjoint union of a twisted cubic and a line.
Let us now justify that E 23 ⊂ E 13 : the linear system of an element of E 23 has a smooth surface whereas the linear system of an element of E 13 does not. Conversely E 13 ⊂ E 23 ; indeed h 0 I C 2 (3h) = 6 for a birational map of E 13 and h 0 I C 2 (3h) = 7 for a birational map of E 23 .
Remark 6.2. Nevertheless it is possible to specialize an element of E 23 to obtain a map that belongs to E 13 (in particular when we look at the case Q 2 singular), i.e. E 13 ∩ E 23 = / 0.
In bidegree (3, 5) the description of Bir 3,5,p 2 (P 3 C ) is very different from those of smaller bidegrees. 
RELATIONS WITH HUDSON'S INVARIANTS
To prove the birationality of a linear system of cubics, the local properties of C 1 and C 2 are required. For instance to apply Lemma 3.2 one needs to understand the support of C 1 ∪ C 2 and the local intersection of C 1 with a general element of Λ ψ at any point of C 1 ∪ C 2 . So in the following table we make a schematic picture of the tangent cone to C 1 ∪ C 2 at one of its singular point in the different cases considered by HUDSON (see §4.2.1 for HUDSON's terminology).
Convention. If the point is black (resp. white) then C 2 does not pass (resp. passes through) through the point. We precise ( d 1 , p 1 , d 2 , p 2 ) where d i (resp. p i ) is the degree (resp. the arithmetic genus) of the tangent cone to C i at p.
APPENDIX A. HUDSON'S TABLE
In this appendix we give a reproduction of what HUDSON called "Cubic Space Transformations". The first (resp. second, resp. third, resp. fourth) table concerns birational maps of bidegrees (3, 2), (3, 3) and (3, 4) (resp. (3, 5), resp. (3, 6), resp. (3, 7), (3, 8) and (3, 9) ).
